This paper shows that there exists a contraction whose Zadeh's extension is not a contraction under the Skorokhod metric, answering negatively Problems 5.8 and 5.12 posted in [5, Jardón, Sánchez, and Sanchis, Some questions about Zadeh's extension on metric spaces, Fuzzy Sets and Systems, 2018].
Zadeh's extension principle is the soul of the fuzzy set theory, and is the base for the concepts of fuzzy numbers and fuzzy arithmetic. The Skorokhod topology is defined on the space of functions from the unit interval to the real line, where these functions are right continuous and their left limits exist. This topology is used in the study of the convergence of the probability measures, the central limit theorems and many other results in stochastic processes [1, 4] . There is a close relation between this topology and fuzzy numbers. The Skorokhod metric, induced by the Skorokhod topology, is used in the study of fuzzy numbers [5, 6] .
Throughout this paper, denote N = {1, 2, 3, . . .} and Z + = {0, 1, 2, . . .}. A dynamical system is a pair (X, f ), where X is a metric space with a metric d and f : X → X is a continuous map. Let K(X) be the hyperspace on X, i.e., the space of non-empty compact subsets of X with the Hausdorff metric d H defined by
for A, B ∈ K(X), where A ε is the ε-neighbourhood of the set A. A fuzzy set u in the space X is a function u : X → I, where I = [0, 1]. Given a fuzzy set u, its α-cuts (or α-level sets) [u] α (α ∈ (0, 1]) and support [u] 0 are defined respectively by
be the set of all upper semi-continuous fuzzy sets u :
For the level-wise metric d ∞ , the following result shows that the supports are not essential for the calculation of d ∞ .
which is a contradiction.
Remark 2. In (1), the value of α is taken from the whole interval I = [0, 1].
Zadeh's extension of a dynamical system (X, f ) is a map f :
Let Hom(I) be the family of all strictly increasing homeomorphisms from I onto itself. For any t ∈ Hom(I) and u ∈ F(X), denote tu = t • u for convenience. Clearly, tu ∈ F(X). Given a metric space (X, d), the Skorokhod metric d 0 on F(X) is defined as follows [6] :
Recently, Jardón et al. [5] proved that both f and F are contractive if the previous dynamical systems are contractive under the level-wise metric d ∞ , and they proposed the following two questions. For more recent results on Zadeh's extension and g-fuzzification, refer to [2, 3, 7, 8, 9, 10] and some references therein. 
Lemma 6. Let X be a metric space and f : X → X be a contraction. Then, for any u, v ∈ F(X),
Proof. Let λ ∈ [0, 1) be a contraction factor of f . Applying [5, Proposition 5.7] , one has that for any t ∈ Hom(I),
This implies that
Example 7. Construct a function t : I → I as follows:
, 1]. It is easy to see that t ∈ Hom(I) and
Take a 0 = a, a 1 = a 0 + 1−a 2 , . . ., a n+1 = a n + 1−a 2 n+1 , and b n = t −1 (a n ) for all n ∈ N, and choose
, . . ., a n+1 = a n + 1−(a+ ; (c) lim n→+∞ a n = lim n→+∞ a n = 1. x ∈ [0, a 0 ), a n , x ∈ [a n , a n+1 ) and n ∈ Z + , 1, x = 1, and
respectively. Clearly, u, v ∈ F(I) and u, v are monotonically increasing (applying (b)). According to the constructions of u and v, it can be verified that . For any t ∈ Hom(I) with sup{|t (x) − x| : x ∈ I} ≤ ε, noting that |t (t −1 (a)) − t −1 (a)| ≤ ε, i.e., a − 1 4 < a − ε < t −1 (a) < a + ε < a + This implies that
(1) For any x ∈ (0, a], from t −1 (x) ∈ (0, a − 
